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Ab~tract-The plane-strain problem of a stress pulse striking an elastic circular cylindrical
inclusion embedded in an infinite elastic medium is treated. The method used determines
dominant stress singularities that arise at wave fronts from the focusing of waves refracted into
the interior. It is found that a necessary and sufficient condition for the existence of a propagating
stress singularity is that the incident pulse has a step discontinuity at its front. The asymptotic
wave front behavior of the first few P and SV waves to focus are determined explicitly and it is
shown that the contribution from other waves are less important. In the exterior, it is found that
in most composite materials the reflected waves have a singularity at their wave front which
depends on the angle of reflection. Also the wave front behavior of the first few singular trans
mitted waves is given explicitly.

The analysis is based on the use of a Watson-type lemma, developed here, and Friedlander's
method[5]. The lemma relates the asymptotic behavior of the solution at the wave front to the
asymptotic behavior of its Fourier transform on time for large values of the transform param
eter. Friedlander's method is used to represent the solution in terms of angularly propagating
wave forms. This method employs integral transforms on both time and e, the circumferential
coordinate. The e inversion integral is asymptotically evaluated for large values of the time
transform parameter by use of appropriate asymptotics for Bessel and Hankel functions and the
method of stationary phase. The Watson-type lemma is then used to determine the behavior of
the solution at singular wave fronts.

The Watson-type lemma is generally applicable to problems which involve singular loadings
or focusing in which wave front behavior is important. It yields the behavior of singular wave
fronts whether or not the singular wave is the first to arrive. This application extends Fried
lander's method to an interior region and physically interprets the resulting representation in
terms of ray theory.

NOMENCLATURE

Dimensional parameters:
a
Cd,

Cd2

CSt

C
S2

r

t
u
v
x
y

)'1' PI

radius of inclusion
dilatation wave velocity in inclusion
dilatation wave velocity outside inclusion
shear wave velocity in inclusion
shear wave velocity outside inclusion
radial coordinate
time
radial displacement
circumferential displacement
cartesian coordinate
cartesian coordinate
Lame' elastic constants of material in inclusion
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AZ ' pz Lame' elastic constants of material outside inclusion
PI density of material in inclusion
pz density of material outside inclusion
O'rt radial stress in inclusion
O'rz radial stress outside inclusion
0'0 stress amplitude of incident wave
trOt shear stress in inclusion
t roz shear stress outside inclusion.

Dimensionless parameters used in analysis (IX = I, 2):

c = c"Jc"z
k = C",CS,/C"ZcS'
ka = c,,)cs,

r = ria
= tc",/a

Ua = "ala
Va = vala
P = PIIpz
P = pr!pz
(Jr, = O'r)(Az + 2pz)
(Jo = O'o/(),z + 2pz)

!rO, = trO)().·z + 2pz)·

I. INTRODUCTION

The purpose of this investigation was to determine the nature of stress singularities that
occur when a plane dilatational wave impinges on an elastic circular cylindrical inclusion
embedded in an infinite elastic medium (Fig. 1). The specific incident pulse considered has a
step function time dependence. There has been interest in this problem in recent years
because its solution provides information about the behavior of individual fibers in a
composite material subjected to impact loading. Singular stresses which arise from focusing

y

f
InCident dilation
Wave front at t=-I

"L--'----+---x

Fig. I. Plane dilation wave propagating in the exterior region impinges on a circular
cylindrical inclusion.
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in fiber-reinforced composites can cause separation at the fiber-matrix interface and subse
quent loss of load carrying capabilities in the composite.

Papers written on this problem are of two types. Papers by Ko[l] and by Ting and Lee[2]
have analyzed this problem to determine the scattering effect of the inclusion on the incident
wave. Their eventual goal was to determine the dispersive effect of an array of such inclusions
on a stress pulse. While these papers briefly mention that focusing occurs, neither attempts
to analyze the nature of the resulting singularities that occur after focusing. Achenbach
et al. [3], however, are predominantly interested in focusing effects and analyze the first
wave front (dilatational) to focus by successive use of wave front analysis, similar to
geometric optics, and Poisson's integral representation of the solution to the wave equation.

This investigation corroborates and extends the findings of Achenbach et al., by use of a
more general method of treating stress singularities. In addition to those wave fronts
treated by Achenbach et al., the wave fronts associated with the following waves were
investigated: the shear waves, the diffracted waves, the Stonely interface wave, reflected
exterior waves, transmitted (doubly refracted), exterior waves, and the interior refracted
wave after many reflections from the interface.

The method of analysis presented here uses a Watson-type lemma which relates the
asymptotic behavior of the solution at the wave front to the asymptotic behavior of its
Fourier transform on time for large values of the transform parameter. This lemma provides
a generalization of Knopoff and Gilbert's technique[4]. Their method is essentially limited
to the first wave front to arrive while the method presented here treats subsequent wave
fronts as well. This is especially important in problems involving focusing as it is often the
later arriving waves which have focused and are singular. Also in the analysis, Friedlander's
technique[5] is used to represent the solution in terms of angularly propagating wave forms.
Friedlander's technique has been used in exterior regions by Miklowitz[6], Peck and
Miklowitz[7], Gilbert[8], and Gilbert and Knopoff[9], to solve problems in which wave
pulses are scattered by cylindrical holes or rigid inclusions which cannot directly transmit
waves. Chen[lO] uses a similar representation to solve a composite problem with an in
clusion that transmits waves, but for a periodic excitation of high frequency rather than a
transient problem of the type analyzed here. The use of the aforementioned Watson-type
lemma translates the high frequency asymptotics of Chen's type into wave front behavior
and is a vehicle for interpreting Friedlander's representation for an interior region.

2. METHOD OF ANALYSIS

Statement ofproblem

The problem is formulated in terms of the displacement potentials cPa and l/Ja' rJ. = (I, 2),
where the subscripts I and 2 refer to the inner, r < I, and outer, r > I, solids, respectively
(see Fig. I). The radial circumferential displacements are related to cPa and l/Ja by the
equations

ocPa I ol/Ja
U =-+--

a or r oe

I ocPa ol/Jav =----
a r oe or '

(l.a)

(l.b)
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where all quantities have been nondimensionalized, their meaning specified under Nomen
clature. Let Lx be the differential wave operator defined as

i]2 I a I az I az
LX == _ +-_+ .

ar z r ar rZaez
Xl atZ

In the absence of body forces if the displacement potentials satisfy the wave equations

LJ¢d = Le/dt/Jd = 0
L1[¢z] = L1/dt/Jz] = 0

for r < I, and
forr> I,

(2)

(3)

where the dimensionless speeds of the dilatation (P type) and shear (SV type) waves are
e and elk1 in the inclusion, and I and kZ-I in the exterior region, then the displacements given
by equations (l.a) and (l.b) are a solution to the displacement equations of motion. In
addition, the stresses are related to the potentials by the relations

Z Z 2ezp ( I C¢I I aZ¢1 I Ct/Jl I aZt/JI)
ar, = e pV ¢I + V - ~ a; - rZ cez -;Z ao + ~ ar ae '

eZp (2 aZ¢1 2 a¢t I aZt/Jt aZt/Jt I at/Jt)
Tr81=klZ ~arae-rz ae +r z aoz - cr z +~a;.'

Z 2 (. I a¢z I ;]2¢z I at/Jz I aZt/Jz)
ar2 =V¢z+kzZ -~a;-rz cez -r z cO +~arae'

I (2 az¢z 2 c¢z I aZt/Jz cZt/Jz I at/Jz)
Tr82 = k/ ~ arao- rZaB + rZ cOz - cr z +~a; .

In the exterior region, the solution is separated into scattered and incident parts, denoted
by the subscripts se and inc, respectively. The incident part is specified to be the step stress
dilatation wave

a o Z
¢ine = 2 (t + r cos e) H(t + r cos 0) (4)

where H is the Heaviside step function. Perfect bonding takes place at the interface between
the two solids, i.e. the displacement and the radial and shear stresses are continuous at
r = l. In the exterior domain the scattered waves are outgoing as r -> 00, and in the interior
the solution is bounded as r -> O. Lastly, the solution is of period 2n in 0, the angular
dimension.

TJpes of waves generated

The waves that are generated when the pulse strikes the inclusion are of three types:
diffracted, reflected and refracted. Essentially, the diffracted wave fronts circle the inclusion
and propagate around the interface with some characteristic velocity. e.g. the dilatation
wave speed in the exterior region. The reflected waves are waves that are generated in the
exterior region when the incident dilatation wave strikes the interface. The refracted waves
occur when a wave from one media strikes the interface and generates waves in the second
media. For example, the dilatation wave refracted into the interior repeatedly reflects from
the interface and with each reflection spews refracted P and SV waves into the exterior (see
Fig. 2). The geometry and the analytical nature of these waves will be discussed in detail
in later sections.
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Snell's Law~ -Ilc
.inf3

Reflected ray ( p)

---- f"\------+--- x

Refracted \
ray after I reflection'

2nd Externally
refracted ray (P)

Fig. 2. Ray geometry of the refracted dilatation waves.

Friedlander's representation of the solution

The following discussion parallels that of Miklowitz[6] and Peck and Miklowitz[7] who
solved the problem of a stress pulse striking a circular cavity. It differs from their discussion
in that Friedlander's representation[5] has been extended to an interior region with the
accompanying complications that result from refraction. This representation may be
obtained by various means. The most direct method is the application of Poisson's summa
tion formula, which may be stated

g(n) = f: fO g(~)e2mrr~i d~.
n=-o::; m=-Cf) -00

Applied to the Fourier series representation of a typical response functionf(r, e, t) this gives

00

fer. e, t) = L F(r, n, t)e inB
n= -oc

where

00

= L f*(r, e+ 2mn, t)
m=-oc

I*(r. e, t) == roo F(r,~, t)ei~B d~.
'-00

(5)

(6)

f* is called the" wave form" of.r. and the sum on m in equation (5) is called the" wave
sum."

The wave form of the response, f*, has a physical interpretation. This response corre
sponds to the disturbance propagating outward in e. As discussed in the previous section
these disturbances are of two types; diffracted and refracted waves. Both propagate along e.
For e's beyond the wave front, f* is identically zero. Therefore, for finite t, the sum on m
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(7)

is finite. Thus,f* overlaps itself as it propagates in (J and the wave sum is simply the sum
of the overlapping responses.

The present problem can be cast in the wave sum form by first finding the Fourier series
representation of the solution and then applying the above formulas; however, a more
direct method is as follows. Because the only given function in this problem is the incident
potential, once its expression in the wave sum form is found, one can simply require that
each term of the wave sum for cPsc, l/J tt and cPl satisfy the wave equations

LtcP;c = L1 / k2 l/Ji =0 for r > 1, -00 < e< 00,

LAi = Lc/k • l/Ji = 0 for r < 1, - 00 < e< 00,

and that the boundary conditions are also satisfied term-by-term at r = 1 and - 00 < e< 00.

When the quiescent initial conditions are added together with the appropriate conditions as
r -+ 00 and r -+ 0, it is clear that the wave sum of the solution to the above problem is the
solution to the original problem. To complete the formulation of the problem in wave sum
form, the wave form of the incident potential must be obtained. This is done after the
application of integral transforms.

Transformed solution

The Fourier transform on time will be denoted by

J(r, e, w) = I co fer, e, t)e iwt dt
-co

with the inversion integral
I oo+~ .

fer, e, t) = - f J(r, e, w)e -.wt dw
2rc - oc + iy

where y> O. The subsequent Fourier transform on e is denoted by

./(r, v, w) =I oo
J(r, e, w)e ivO de

-00

with the inversion integral

- e ) 1 J00 f" ) ivO dfer, ,w = - (r, v. weT.
2rc - x.

(8.a)

(8.b)

(9.a)

(9.b)

The double transform of the wave sum form of the incident potential is found by applying
the Poisson summation formula to the Fourier series of (fJlnc' From equation (4), (fJinc =
(fJo(w)exp( - iwr cos e), where (fJo(w) (J'o/( - iw). 3 The Fourier series may be written as

00

(fJinC(r, e, w) = I (fJo(w)e-lnlni/2Jlnl(wr)einO
n=:=; - x;.

where the integral definition of J n' the Bessel function of the first kind, has been used.
Then, applying equation (6) and taking the Fourier transform with respect to eyields

¢'inc(r,v,w) (fJo(W)I
co

foo e 1/21~lniJI~I(wr)eiO(~-\)d~de.
-00 -00

Since J1vl(z) approaches zero exponentially as v -+ 00, the Fourier transform theorem gives

;;;i~C(r, v, w) = 2TClPo(w)e-I/2IvlniJlvl(wr). (10)
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Applying the double Fourier transform to equations (7) for <fJ:c, 1/1: and ¢! gives the
equations for the Bessel functions. Keeping only those solutions that are outgoing as
r ~ 00 and bounded as r ~ 0, one obtains

$!(r, v, w) = A(v, w)J1vl(wr/c)

~!(r, v, w) = B(v, w)Jlvl(wrkdc)

$:;'(r, v, w) = C(v, w)HV'(wr)

~i(r, v, w) = D(v, w)H~1)(wrk2)

where H~l l(Z) is the Hankel function of the first kind of order v.
The condition of perfect bonding at the interface is used to determine A, B,

This condition implies that x = [A, B, C. D]T satisfies the matrix equation

- (-lv1ni)[E]x = 2n¢o(w)exp 2 y

WH~l)'(W)

ivH~l)(W)

(2v2 - w2k~)H~1)(w) - 2wm1l'(w)
2iv[wH~ll'(w) - H~l)(W)]

-ivH~1)(wk2)

Wk2H~1)'(wk2)

2iv[H~1)(wk2) - Wk2H~1)'(wk2)]

(2v2
- w2k~)H~1)(wk2) - 2wk2H~l)'(wk2)



1340

y=

J. H. GRIFFIN and J. MIKLOWITZ

wJinl(w)

ivJ1vl(w)
(2v 2

- w2kDJ1vl (w) - 2wJivl(w)

2iv[wJ ivl(w) - J1vl(w)]

which uniquely determines x. From symmetry, u:, rx = 1, 2, must be even functions of e
and v: must be odd functions of e which implies u: are even functions of v and v: odd,
Hence, the absolute value signs in the above equations are dropped and, instead of (9.b).
the half range inversion integrals

-* 1 J00 "'*ua (r, e, w) = - ua (r, v, w)cos(vO) dv
n 0

v:(r, e, w) = ~ foou:(r, v, w)sin(vO) dv,
n 0

rx = 1, 2 are used where u: and v: are given by

(12)

(13)

A Watson-type lemma for the Fourier transform

Since the governing equations of dynamic elasticity are hyperbolic, any non-stationary
discontinuity must occur at wave fronts. In order for singularities from focusing to occur
the wave front must be converging. Often the first wave to arrive at a point is not singular
while a later wave caused, for example, by a reflection from a concave interface will have
converged and hence is singular when it arrives at the point. In this section a method is
prescribed for determining the wave front behavior of later arriving singular waves from the
integral expressions for the solution without completely evaluating the integrals in closed
form.

The solution near the wave fronts is obtained by applying a Watson-type lemma to its
Fourier time transform. Essentially, the lemma states that ifj(w, x) is the Fourier transform
off(t, x), x a position vector, andf(t, x) is the sum of several types of singular functions
that commonly occur in focusing, then the Fourier transform of the most singular one will
dominate asymptotically as w -> 00. Furthermore, this result holds independent of the time
of arrival of the various singular waves that compose fU, x). This is usua~ly not true for
Watson's lemma as it is normally stated for the Laplace transform of a function, which is
why it is not in general applicable to focusing problems. Preliminary analysis using stationary
phase approximations to find the high frequency behavior of the solution helped suggest
the types of singularities that are considered in the following lemma. Formally, Lemma:
Let the Fourier transform of the functionf(t, x) be defined as

j(w, x) = f 00 eiwt,r(t, x) dt.
-00
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Supposef(t, x) = L~~ofn(t, x) where

fo(t, x) = ao(x)(t - to(x))-bH(t - to(x)), bE (0,1)
fl(t, x) = al(x)(tl(x) - O-dH(tl(x) - t), dE (0,1)
f (t x) = {a2(x) In It - t2 (x) I for It - t2(x) I < 1

2 , 0, for It - t2 (x) I > 1
f3(t, x) = a3(x)H(t - t3(x)
f4(t, x) = h(t, x)H(t - t 4 (x»,

[4 continuous and

l
a[4\at < M 1 for t < T and

where M 2 is independent of x and t, and n = (0, 1, 2, ...). Then

_ ao(x)r(1 - b)eiwto(X) a l(x)r(1 - d)eiwtdX)

[(0), x) = (. )1 b + C )1 d-10) IW

To prove this the transforms of fo, Ii, f2 and f3 are directly calculated. To show that
J4(w) is o(w -I), the transform of f4 is integrated once by parts and the Reimann-Lebesque
lemma applied to the resulting integral for Im{w} > 0. The result holds by analytic con
tinuation as Im{w} ..... °and w ..... + 00.

To use the above lemma it is assumed that the only singularities present are of the type
stated. Hence, if it is found, for example, that

m(r, O)e iwto (r,8)

J(w, r, 0) ~ w ..... 00,
w

the above lemma implies

-m(r,O)
(t, r, 0) ~ In It - to(r, 0) I

n

as t ..... to. This lemma is applied in the next chapter to the focusing of refracted waves in the
following manner. The Fourier inversion integral on 0 of equation (9.b) is used to give an
integral representation of the Fourier (time) transform of the solution. This integral is then
approximated asymptotically for large values of the parameter w using the method of
stationary phase, and the lemma applied to the resulting expressions.

3. WAVEFRONT ANALYSIS

Introduction

When the stress pulse strikes the inclusion, the discontinuity in material properties at the
interface and the shape of the inclusion cause the refracted rays to intersect either on their
first pass across the inclusion or on their second pass following a reflection from the inter
face. Whether the first or the latter event occurs depends on the order of wave speeds of the
two materials. While there are six possible wave speed orders only two will be analyzed.
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They are:

(i) e> elk! > 1 > llk2~ e > k!
(ii) 1> llk2 > e > elk! ~e < k 2 !.

Case (i) is of major interest in composite materials since it is usual for the fiber to be stiffer
than the matrix material and hence have faster wave speeds. For this reason it will be
analyzed in detail. Other wave speed orders can be analyzed using the methods devised
here for these two cases. Case (ii) is especially instructive since the wave speeds are ordered
completely differently from (i) and represent the opposite physical case of a soft inclusion
and will be briefly analyzed. For a detailed analysis of this case see Ref. [11].

A caustic is an envelope of converging rays. When a ray touches a caustic, focusing or
unfocusing can occur. When focusing occurs singular stresses are found at the wave front
after it has passed through the caustic. Since the balance of momentum at the wave front
yields

[au-]1I.[0--.J = -ps -._1 ,
J IJ at

where jumps in field quantities are indicated by the usual brackets, and where n j is the jth
component of the unit vector normal to the surface of discontinuity and s is the speed of
the wave, the nature of the stress discontinuities may be disclosed by simply calculating the
discontinuities in the velocity vector.

The focusing of a refracted dilatation wave for c < I

Consider the directly refracted interior P wave when the speed e is less than the dimen
sionless exterior P wave speed, 1. If rx is the angle of incidence of the exterior P wave which
strikes the interface, the angle of refraction of the generated P wave is [3, where rx and [3 are
related by Snell's law, i.e.

c sin rx = sin [3. (14)

Using simple geometry, the envelope of converging refracted P rays is depicted in Fig. 3
where, in addition to this caustic, three of its generating incident and refracted ray pairs
are shown.

y

0,

Refracted
dilatation

rays

A ~----If---x

c sin 0i • sin PI

Fig. 3. Refracted dilatation rays and caustic for c = !, 27T > e?': o.
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y

Fig. 4. Regions R, • R2 and R3 for c = !, 8> o.

Consider how the solution varies along a refracted ray that touches the caustic. Let diP

be the distance traveled along the ray from the interface where it was generated to a point
(r, 8) and hlP be the distance along the ray to this caustic. From Fig. 3, it is clear that there
are three regions in which (r, 8) might lie:

(1) diP < hlP and there is only one ray per point,
(2) diP ~ hlP' a region that includes the caustic as well as a transition zone where there

are two rays per point,
(3) diP> hlP and only one ray per point.

Call the collections of all such points for all the directly refracted dilatation rays RI , R2

and R 3 , respectively. These regions are portrayed for 8> 0 and e = t in Fig. 4. When a
ray touches this caustic it picks up a singularity which propagates along its wave front.
Thus points in R2 and R 3 see singular stresses from these refracted rays. Consider the
following mathematical analysis that verifies the above discussion and reveals the orders of
these singularities.

Let the part of the radial velocity, tii, that propagates with the dilatation speed e be
denoted as ti {(dill' From the elementary properties of the wave equation, contributions from
<Pi propagate with this velocity while contributions from t/Ji propagate with the shear velocity
elkl , thus equations (13) and (11) imply

. 2 ( )"'* lW wr
UI(dil)(r, v, w) = - ---;;- A(v, w)J~ --;;- .

Equation (12) implies

.* 8 If 00",* ) 8d
u l(dil)(r, ,w) = - U 1(dil)(r, v, w cos v v.

n 0

The asymptotic behavior of this quantity for large w is of interest. Once it is known, the
Watson-type lemma for the Fourier time transform will be used. For w = WI + iW2 ,

W2 > 0 and WI large, the change of variable v = sw yields

.* 8) 1 f "'* ( )[ iwsB - i.wB] dU 1(dil)(r, ,w = - WU 1(dil) r, SW, W e + e s,
2n c,

(16)
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where Cs is a line from the origin to 00 inclined at an angle of -tan -I w2lwj. Consider the
contribution from the term e

iws9 in (16), which will be called iii~ill' i.e.

7* + (() I J "'* ) isw9 duI(dil)r, ,w)=- WUI(dil)(r,sw,we s.
2n es

(17)

The reason for neglecting the contribution of e- isw9 in equation (16) will be made clear later.
As WI --+ 00, Cs is equivalent to a path along the real s-axis which is indented below any

poles of the integrand that might lie on the real s-axis. With this understanding, equation
(17) is written

7* + () ) 1 J00 "'* ( ) isw9 dU I(dill(r, ,W = - WUl(dil) r, SW, W e s.
2n 0

(18)

In the following discussion this integral is evaluated asymptotically for large W in a manner
similar to that used by Chen [10]. For W large, the asymptotics given in Ref. [11] imply
that for se[O, min(1, lie)), i.e. 0:5: s < min(1, lie) == smaller of either 1 or lie, A(sw, w) may
be expanded in a geometric series, each term of which corresponds to a different refracted
ray. It is found, for se[O, min(1, lie)), that

(19)

where

21!(J"0(ml/C(s)ml(s))1/2ao(s)exp[iw( -snl2 + t/Jl/c(S) - t/Jl(S))]
Ao(s,w) = . 3 6 ()

-IW 10 S

ao(s) = 4e2s2(mki/C + mk,) - 8s4 (mk2 + flmk l/J - 2e2(mki/c e2 - mk2 flel)

+ 4fls2(mkl/C e2 - mk2el),

<\o(s) = (ml/cmki/c + s2)(d + 4s
2
m1mk,) + fl[ -2s

2
(2ml/cmk t /c + el)(2m1mk2 + e2)

(
k rk 2)2 2 2 2 2+ -c- (mr/Cmk, + mrmki/c)] + fl (e r + 4s mr/cmki/c)(mrmk, + s ),

<>rr 6ro = (-mr/cmki/c + s2)(d + 4s2mrmk) + fl[2s2(2mr/cmki/c + er)(2mrmk2 + e2)

(
k 1k2)2 2 2 2 2+ -e- (mrmk1 /C- mr/Cmk,)] + fl (e r - 4s mr/cmki/c)(mrmk2 + s ),

t/Jx(s) = mAs) - s cos-r(s/x),

Mx(S) = -i exp(2iwt/JAs)),

(
2 k i )el = 2s - c2 '

It will be shown that in equation (19), A o corresponds to the directly refracted dilatation
wave before it reflects for the first time from the interface. - A o 611 M r /c corresponds to
the same wave after one reflection but before the second reflection, and rr corresponds to
other refracted waves. In anticipation of this physical meaning, let uip be the contribution
to the velocity from Ao where p refers to dilatation. Using the asymptotic forms for the
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Bessel functions given in Ref. [11], equations (15, 18 and 19) imply

(20)

where

sn
Id,(S; r, a) = - "2 + sa + !/Jt/c(S) -!/Jt(S) + !/Jr/c(S),

sn
h 2(S; r, a) = -"2 + sa + !/Jt/c(S) -!/Jt(S) + !/Jr/c(S)'

Consider the contribution from the second term in the above integrand. A point of station
ary phase, So, exists provided Id,(so; r, a) = 0, i.e. since !/J~(s) = sin -t(slx) - n12, where
o~ sin-I(slx) ~ nl2 for 0 ~ six ~ 1, then

where

. -t
a = sm so'

-y+fJ-a+a=o

. -I SO C
y =sm -.

r

(21)

(22)

Equation (21) is satisfied if a~ 0 and when So is such that a, fJ and y have the geometric
relationship shown in Fig. 5. Note that a and fJ satisfy Snell's law, equation (14). Further
more,

(23)

where dl and diP have the physical meanings illustrated in Fig. 5 and hence ttp is the time of
arrival of the refracted P wave at the point (r, a), thus justifying the nomenclature that has

y

Retracted
Pray

Fig. 5. Refracted dilatation ray for c < 1, dIP < cos f3.
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been used. The mathematical restriction that 0 ~ So < min(r/c, 1) physically restricts the
incident ray to the positive illuminated zone 0 ~ IX < 11./2, and restricts the refracted ray so
that diP < cos fl. Since

eel
---+-----<0

r cos y cos fl cos IX '
for c < 1, (24)

the method of stationary phase implies the contribution from this term is

iHlp(so; r) J 2n . t ( 6)_-=-:__-:7 e'w 'p r,

OJ - !d~(so; r, 0)
(25)

for diP < cos fl and 0> O.
The first term in the integrand of equation (17) has a point of stationary phase, so,

provided!d, (so; r, 0) = 0, i.e.

y' - 11. + fl - IX + 0 0

where IX and fl are as in equation (22), 0 2': 0 and

y' = sin-l(soc/r).

(26)

(27)

The restriction that So < rIc implies diP> cos fl· The angles IX and fl have the same physical
interpretation as before and y' is the supplement of y, Again h, (so; r, 0) = tip' However,

where

hiP = cos2 fl/(cos fl - c cos IX) > cos fl,
Alp = r cos IX cos Y cos fl/(cos fl - c cos IX) > 0, forc<l,

(28)

and can be positive or negative depending upon whether diP is less than or greater than the
distance to the caustic, hlP' If the point (r, 0) is restricted to lie on a particular refracted
ray specified by the angle of incidence IXo sin -1 So, So e(O, 1) and Snell's Law, then on this
ray, as diP increases, five cases can be considered and discussed in terms of the physical
description given at the beginning of this section. The cases are:

(i) (r, O)eRI, diP < hlp' So is the only zero of!d,(s; r, 0) on (0, min(r/c, 1».

(ii) (r, o)eR2' diP < hlP and two zeros exist SI and So, SI > So, where !d; (Sl ; r, 0) < O.
(iii) diP = hiP ,fd;(so; r, 0) = O,f;';(so, r, 0) < O.

(iv) (r, O)eR2, diP> hlP and two zeros exist So and S2' So > S2 ,!;;(s; r, 0) > O.

(v) (r, O)eR 3 , diP> hlP; So only zero.

For each of these cases!;', (So; r, 0) is given by equation (28). It is assumed that So, Sl and S2
are sufficiently distinct that the method of stationary phase can be separately applied to the
three points. Hence, the solutions found for cases (ii) and (iii) do not apply as diP -7 hlP'
which is why case (iii) must be considered separately. In aU the cases except (iii), the points
of stationary phase are of order 1. The method of stationary phase is applied and the
following asymptotics are found for u~p (r, 0, OJ):
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for (i),

for (ii)

for (iv).

(29)

and

for (v),

as w --+ + 00.

as w --+ 00, d1p > cos /3, 8 > O.

Case (iii) has a higher order stationary phase point. Its contribution is asymptotically

_ H (s . r)eiwttp+i1t/4 2n.* (h ) 1p 0,

U lp 1 p' w ~ -w~s/1;;6....:vrl=f.=d':=(s=~=;h=I=P)=1 3r(2j3)

Equations (25, 29 and 30) together with the Watson-type lemma imply for 8 > 0

(30)
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(33)

The physics of this solution is clear. For dIP < cos j) the solution along the ray given by :J.

(angle of incidence) = sin -1 So is a nonsingular step function. As dIP increases the ray
reaches the region R2 (see Figs. 4 and 5) in which there are two rays per point. The second
ray, specified by rx' = sin -1 Sl has already touched the caustic and propagates a logarithmic
singularity at its wave front which arrives at the point (r, e) at time t = f:JJSl ; r, e). diP con
tinues to increase until it is at the caustic, dIP = hi P' where a singularity of order (t - t1 p) -1/6

is calculated. After touching the caustic, the ray is again in a region where there are two
rays per point; however, this time it is the ray :J. = sin -I So that has touched the caustic
and propagates a logarithmic singularity. Lastly, the ray continues into R 3 ' another region
in which there is only one ray per point and since it has touched the caustic it has a logarith
mic singularity at its wave front. This logarithmic singularity at the wave front agrees with
that found in Ref. [3J where methods (Poisson's integral representation of the solution to
The wave equation) analogous TO those used in Friedlander's book[5] were used to investi
gate the singular nature of the solution. However, in that paper it was incorrectly concluded,
as one might from case (ii) by taking an improper limit, that the discontinuity increases
beyond bounds like (hlP - dIP) -1/2 as dIP -+ hlP' Actually, Friedlander's book[5] discusses
the nature of the singularity in the vicinity of the caustic for acoustic waves with a result
analogous to that found here.

The right hand side of (32) is written symbolically as

where HIP is a refraction coefficient,
So specifies the refracted ray since

rx(angle of incidence of external ray) = sin 1 So'

j)(angle of refraction of internal ray) = sin -I So c,
dIP is the distance along the refracted ray from where it was generated at the

interface to the point (r, e),
hlP is the distance along the refracted ray to the caustic, and
tIP is the time of arrival of the wave front traveling along that ray.

Thus for e> 0,

.* r-HIP(So,r)JIJJ;(s~~r,e)1 H(t-tIP)' for diP <cosj),

u 1P(r, e, t) ~ l
(

dIP - hlP )n HIP'so, Alp ,t,p, for dIp > cosj).

Recall that (33) is the contribution from the term eiwsO in (16). The role of the neglected
term e- iws8 in (16) is now clear. Since points of stationary phase existed only for e~ 0 for
eiWS(I, e- iws(I will have stationary phase points only if e :s; O. Thus the solution for negative e
comes from this second term e- iOls(l, hence

Uifdilj(r, e, t) = ui'fdi/l(r, -e, t). (34)

When e = 0, both terms eiOlS(l and e - iOlsO contribute to the solution. However, since so, the
point of stationary phase, is zero, an end point of the interval [0, ric), each term contributes
only half as much. Thus the result is the same as in (33) for (f = O.
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Analysis for c > k l

The following notation is adopted with regards to refracted and reflected waves. The
subscript I or 2 implies that the solution applies to the inner or the exterior region, respec
tively. Subsequent subscripts of p and/or s yield the" ray history" of the wave and its
type, P or SV (shear vertical wave) in the following manner. When the incident exterior P
ray strikes the interface it generates refracted interior P and SV waves which will have the
subscripts Ip and Is, and the reflected exterior P and SV rays with subscripts 2p and 2s.
When the Ip ray strikes the interface after traversing the inclusion it generates rays in the
interior denoted by the subscripts Ipp (reflected P wave) and Ips (reflected SV wave) and in
the exterior denoted by 2pp (refracted P wave) and 2ps (refracted SV wave). All reflected
and refracted rays may be denoted in this manner. In addition, the above subscripts will be
used to denote quantities that are associated with a particular ray. d, hand t when sub
scripted have the following meanings:

d is the distance along the ray of interest from the interface where it was generated to
the point (r, 0).

h when positive, is the distance along the ray to the caustic, i.e. (r, 8) is on caustic when
d=h.
when subscripted, is the time of arrival of the wavefront propagating along the ray.

Examples of these are dlP ' hlP and tlP of the previous section.
For c > k l , the directly refracted P rays diverge on their first pass across the inclusion.

However, when they strike the interface for the first time the reflected P and SV rays that
are generated converge and form caustics. The following discussion of the generated Prays
and their focusing parallels that given earlier for the case c < 1.

Using the fact that when a P ray reflects from an interface the angle of reflection equals
the angle of incidence and Snell's law, the envelope of converging reflected P rays is depicted
in Fig. 6 where, in addition to this caustic, several generating refracted/reflected P ray pairs
are shown.

Consider how the solution varies along a reflected ray. dlPP is the distance traveled along
the reflected P ray from the interface where it was generated to the point (r, 8) and h lPP

y

(Ipp) rays

Cau stic
>c+==::::::-.....

-'.A-\-----f----x

Incident rays

lJSS Vol. 10 No. 12-·B

Fig. 6. (lpp) Rays and caustic for c = 1'5, 217 > 8 ?'- O.
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is the distance along this ray to the caustic. From Fig. 6 it is clear that for 8 > 0 there are
two regions where (r, 8) might lie:

(I) dlPP such that 8:-:;; n. In this region there are two rays per point, one that has touched
the caustic and one that has not. Call the collection of all such points for all once
reflected Prays R; .

(2) d lPP sufficiently large so that 8 > n, then there is only one ray per point and it has
touched the caustic. Call the collection of all such points Rj .

R'; and Rj are portrayed for 0 > 0 and e = 1·5 in Fig. 7. R'; and Rj are analogous to R2

and R3 discussed earlier and shown in Fig. 4. Points contained in R'; and R; experience
logarithmic singularities in stresses associated with the arrival of wave fronts that propagate
along rays that have touched the caustic. Hence, from Fig. 6, it is clear that the interface,
r = 1, experiences logarithmic singularities for sin -) (I /e) < 0 < 2n from positively propagat
ing reflected P waves and for -2n < 0 < -sin-tO/c) from negatively propagating waves.
Thus, every point of the physical interface experiences a logarithmic singularity from waves
that have reflected once.

Fig. 7. R1 and R~ for 27r> 13 0 and c = 1·5.

uipp and bi pp are the contributions to the radial and angular velocity from this once
reflected P ray. It is found that for dl pp < cos [3

l
liipp(r, 8, t)] l0.(H IP • 611 , So' (dlPP - h1PP)/)'IPP' t1PP ) ] (35)
vi pp(r, 0, t) ~ 0.( - tany . Hlp' 611 , So' (dlPP - h1pp)1 A1PP ' t1PP )

as t->t1pp ' HIP and 611 are given in (20) and (19). So is such that

o- y+ 3/1 - C/. - n = 0, (36)

where (I., [3 and yare given in (22). The geometric significance of (36) is analogous to that of
(21). dlPP equals cos [3 - r cos y and h1FP is equal to cos [3(2e cos (I. - cos [3)/(3e cos (I. - cos [3)
and is always less than cos [3, and, hence, focusing occurs for all rays. In addition,

A1PP = r cos y cos rx cos [3/(3e cos rx - cos p)

and

d lPp 2 cos [3
t 1pp = -- + --- + d1 - I.

e e



(38)

(37)
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For dlPP > cos 13, all of the reflected P rays have focused and have a logarithmic singu-
larity at the wave front, hence for dlPp > cos 13 it is found that

[Ui pp ] [1 ] J 2AlPP I I.* ~ t ' H l p(so;r)D11 (so) (d -h )In t-tlPP ast->tlPp
vlpp an Y n lpp lpp

y' = sin -l(SO efr) is the supplement of y. By comparing these expressions with those for
uip, it is clear that 1511 (so) acts as a reflection coefficient.

The first singular shear waves to reach an interior point are the reflected SV waves
uips and vips which are generated when the refracted dilatation wave strikes the boundary
for the first time.

Analogous to equation (35) it is found that

[

( ) diPs - hiPs ) 1. n His' (bl - 1511 ,so, A ' tiPS

[~!ps] ~ Ips

Vips ( diPs - hiPs )n His' (b l - 15 11 ) • cot X, So , Alps ' tiPS

as t -> tiPs' for dl ps < cos ( where So is such that

- X + ( - rt. + e+ 213 - n = 0,

rt. = sin-I so, 13 = sin-l(sofc), X = sin- l (soefk1r),

( = sin-l(socfkf )·

Also,

_ (Josbo (m1mk1 / C )1/2H ---- ,
Is r 1510 2nmk1r/c

b1(s) = {4se2(ml/cmk1/C + S2) - 4s 3(2ml /cmk2 + pel) - 2se2(e2 + 2ml /cmk,)

+ 2ps(e1e2 + 4s2ml /cmk,)}fbo

where

In addition,

diPs = cos ( - r cos X'

hiPs = (2e cos rt. - cos f3)cos 2 (f[(cfk1)cos rt. cos 13 + cos (] < cos (,

Alps = r cos X cos rt. cos 13 cos (f[(cfk1)cos rt. cos 13 + cos (] > 0,

k 1dlPs 2 cos 13 d
tips = -- +--- + 1 - 1.

c e

Lastly, ea , mx and 1511 are given in (19).
In the exterior region two types of waves can be singular when e > k l : reflected waves,

and waves refracted into the exterior by internally refracted waves.
When rt., the angle of incidence of the exterior P ray, equals sin- l (1fe), Snell's law, (14),

implies that 13, the angle of refraction of the interior P ray, is 90° and hence this ray is
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critically refracted. This situation, in a simpler physical context, is discussed briefly for
acoustic waves in Friedlander's book[5]. As is noted there, the reflected waves experience a
logarithmic singularity at their wave fronts when rt. > sin -l(l/e). Mathematically, the treat
ment of these waves is analogous to those of previous sections with the difference that So'
the point of stationary phase, is greater than lie. As in all the previous cases, So = sin - I rt..

Since for critical refraction sin rt. > lie, additional asymptotics given in Ref. [II] must be
used to determine the asymptotic behavior of ~ip and Dip, the double Fourier transforms
of the radial and angular components of the reflected wave form dilatational velocities.
When rt. > sin - l(l/e), these asymptotics and the method of stationary phase imply

[~ip(r, e, w)] ~ (To Hzp(so)eiwt2P J cos rt. .. [COS 0] as w --+ 00, (39)
vip(r,e,w) -iw 2dzp+cosrt. sino

where

H zp = H~p + iH~p

H~p = (COR CIR + COl Cll)/(CiR + ci I)

H~p = (COICIR - COR Cll)/(CiR + Ci/)

where for se[l/e, kl/e], only the interior P wave is critically refracted, and

z z z z z (kIkz)ZCOR(S) = s(ez - 4s mImkz) - 2WIs (ez - 2mImk) - Jl 7 mImkl/e

- Jlzei(m i mkz - SZ),

Z Z z kik~
COI(S) = ml/Jmkt/cCeZ - 4s mImk) - 4Jlmk1/es (ez - 2mI mk) + Jlmkz-z

e

+ Jlzei(mImkz + SZ),

Cu(S) = ml/Jmkt/e(e~ + 4sZmImk) - 4JlS
z
mk,/e(eZ + 2mImk,)

(
k1kz)Z z z z+ Jlmkz -e- + Jl 4s mkt/e(mI mk2 + s )].

However, for se[kI/e, I), both the interior P and SV waves are critically refracted, and

COR(S) = (sz - ml/emk,/J(e~ - 4sZmI mkz) + 2s
z
Jl(el - 2ml/emkl/e)(eZ - 2mI mk)

+ JlZ(4szml/Cmkl/C - ei)(mImkz - 2sz),

'kIkz)Z
COI(S) = Jl (-e- (mkzml/c - m1mkz/c),

CIR(S) = (sz - ml/cmkt/J(e~ + 4sZm1mkz) - 2SzJl(el - 2ml/emk,/e)(ez + 2mImkz)

+ Jlz(ei - 4szml/crnkl/c)(mImkz + SZ),

(
kIkz)Z

Cu(S) = J1 -e- (mkz ml/e + mtmk1/J·
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m x , e1 and e2 are given in (19). In addition, So is such that

-2C(+<5+8=0

where

(40)

. -1
c( = Sin So, So > sin(l/c).

Equation (40) has a simple ray interpretation where C( is the angle of incidence and <5 is the
angle between the reflected ray to an exterior point (r, 8) and the radius vector r. d2P is
equal to r cos <5 - cos C( and t 2p equals d2P + d1 - 1.

The Watson-type lemma and (39) imply

[
ui/r, 8, t)] J cos C( [COS <5]
vip(r, 8, t) ~ (Yo 2d

2P
+ cos C( sin <5

ast->t2p , (41)

for C( > sin-I(l/c). For C( and 8 negative the evenness and oddness ofuip and vip is invoked.
The asymptotic behavior of the reflected shear velocities uis and vis are similarly calculated
and are

(Yo k 2 cos C( cos K [Sin e]

[
141 (r 8 t)] Jd2 cos e
./( '8' ) ~ -ks (cos C( + k 2 cos K) + cos 2

K
V2s r, ,t 2

as t -> t2s> (42)

for C( > sin-I(l/c). Where So is such that

. -Iex = sin So,

Also,

e + 8 - ex - K = 0,

K = sin- 1(so/k 2 ) and e = sin- 1(so/rk2 ).

and

If soe[l/c, k 1 /c] then

90R(S) = -2S(S2e2 - /1el(2s2 + e2) + /12eD,

90/(s) = -4sml/C mk,fc[e2 - 2s2(l + /1)](1 - /1).

If So e[k1/C ' 1), then

90R(S) = 4se2(m1 /Cmk,fc - S2) - 4s/1(2m1 /Cmk,fc - e1)(2s2 + e2)+ 2/12s(4s2m1 /cmk,fC - eD,

90I(S) = o.
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Physically this is analogous to the reflected P ray, where K is the angle of reflection of the
SV ray and e is the angle between r, the vector to the point of interest, and the reflected SV
ray. Also,

d2s = r cos e - cos K,

t2s=k2d2s+d1-1.

The above applies for IX> sin-1(l/e). It is of interest to note that when transitional
asymptotics for the Bessel functions are used for the cases So = lie or So = k 1fe the same
results are found as those given above. Hence, (41) actually holds for sin- 1(l/e):::;; IX

:::;; sin-1(kde) and (42) holds for sin- 1(kde):::;; IX < n12.
Lastly, as representative of singular waves that are refracted into the exterior by internally

refracted waves, the contributions of uippp , vippp , uipps and vipps' the dilatation and shear
waves generated when the refracted P ray strikes the interface for the second time, are given.
Recall that the interior P wave focuses after striking the interface for the first time and has a
logarithmic singularity at its wave front the second time it strikes the interface. Thus, it is
found

[
uippp(r, 8, t)] (10 () [COS <5]1 I I

~-H2 So nt-t2v* (r 8 t) n ppp sin <5 ppp
2ppp ~ ,

and

[
uipps(r, 8, t)] ~ (10 ) [-Sin e]1 I _ I.* H 2PPS(so n t t2pps
v2pps(r, e, t) n cos e

In (43), So is such that

- 21X + <5 + 8 + 4[3 = 2n

and in (44), So is such that

as t -+ t2PPP '

as t -+ t2pps '

(43)

(44)

-IX - K + e + e+ 4[3 = 2n

where IX, [3, <5, e and K are given in (40) and following (42). In addition,

H2pppi _ = [ (~r ]1/2. ~11 (C 31 - Cll <5 11 )\s=sos-so cos v10
2d2PPP 2e - -- + 4e cos IX - cos [3

cos IX

and

k 2 cos IX cos K
H 2ppsls=so = --------.::...------------;1"7::/2

[COSK(d2Pps+coSK)(4e~::;-I) -d2pps C:S
2

1X]

611
.~ (gOl - g02) IS=So

u10

where

e11 (s) = (m1/emkI/e + s2)(e~ - 4s2m1mkJ - 2s2jJ.(2m1/cmklle + e1)(e2 - 2m1mkJ

jJ.kik~ 2 2 2) 2)+ --2- (m1/emk2 - mkI/e m1) - jJ. (e 1 + 4s m1mk2 (m1mk 2 - s ,
e
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C31 (S) = (S2 - ml/Cmk1/C)(d - 4S2ml mk,) + 2S2/l(2ml /Cmk 1/C - el )(e2 - 2ml mk2)

/lkik~ 2 2 2 2
- --2- (ml/Cmk2 + mkl/Cml) - /l (e l - 4s ml mk,)(ml mk2 - S ),

C

gOI(S) = -(ml/cmkt/c + s2)4se2 + /ls(4s
2 + 2el)(2ml/CmkliC + ed

- /l22s(ei + 4S2ml /cmk1/J,
g02(S) = (ml/cmk1/c - s2)4se2 - /ls(4s2 + 2e1)(2m1 / cmk l /c - el )

-2s/l\ei - 4s2ml / C mk l /J,

and m x , ea , <5 11 , <5 10 are given in equation (19). Also,

d2Ppp = r cos <5 - cos a

d2Pps = r cos e - cos K

4 cos f3
t2ppp = d2ppp + --- + d1 - 1

C

d2pps 4 cos f3
t 2pps = -k + --- + dl - I,

2 C

where these distances and times have the usual physical meaning.

Additional results

The following results are discussed in detail in Ref. [11].
(I) By considering the radial component of velocity in the interior after its wave front

has reflected n times from the interface, it is found that for n large the point where the ray
touches the caustic asymptotically approaches the midpoint of the ray and hence focusing
takes place as far as possible from the interface. Also, for n large, the wave front alternately
focuses after an odd number of reflections and unfocuses (i.e. has a simple step discon
tinuity at its wave front) after an even number of reflections as the wave propagates in 8.
And lastly, the magnitude of the coefficient multiplying the step discontinuity/logarithmic
singularity decreases as Idin where Idl < 1 because of energy lost into the exterior at each
reflection. Hence, it is clear that the effects of later arriving waves which result from a large
number of reflections are not as important as the effects of those that have reflected only
a few times.

(2) By use of the convolution theorem and the solution of the previous sections it can be
shown that if the incident stress pulse had been continuous instead of a step function then
all of the logarithmic singularities would instead be bounded functions. Thus a necessary
condition for the existence of a propagating infinite discontinuity in stress is that the incident
stress pulse have at least a step discontinuity at its wave front. A physical stress pulse is
always continuous; thus, the results found here are to be interpreted as a limiting case as
the rise time of a continuous incident pulse becomes small. In fact, it is for this reason that
the coefficients which multiply the logarithmic singularities are important. As the rise time
of the incident stress pulse becomes small, the focused response in the neighborhood of
the wave fronts, while still finite, are proportional to these coefficients and, hence, they
determine relative stress levels.

(3) The contributions to the velocity of a point on the interface from the diffracted
dilatation and shear waves and the Stonely (Rayleigh-like) interface wave were evaluated[ll]
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using an alternative representation of the solution found by exchanging the Fourier integrals
of (12) for a residue type evaluation. The results were evaluated asymptotically for large w
and were found to be of small order w -1 and hence continuous at their wavefronts from the
Watson-type lemma. By continuity at the interface, any waves refracted into the interior
also have a continuous wave front and hence, as mentioned above, cannot after focusing
propagate an infinite stress discontinuity at their wave fronts. Thus the effects of these
waves compared to the focused, refracted waves are negligible.
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A6CTpaKT - 06cYlK~aeTcli 3a~a'la rrnOCKOH ~e<jJopMawUI ~nlI HMrrynbca HarrplilKeHlIH, y~aplI
IOI1lero yrrpyroe Kpyrnoe UHnHH~pH'IeCKOeBKnlO'IeHHe, rrorpylKeHHoe B 6eCKOHe'lHOH yrrpyroH
crrnOlliHOH cpe.ae. IlPHHlITbIH MeTO.a orrpe.aenlieT cHHrynllpHocTH rrpe06na.aalOl.UHX Harrpll
lKeHHH, KOTopble B03HHKalOT Ha <jJpoHTax BonH 0'1 <jJOKYCHPOBKH BOJIH rrpenOMJ1eHHbIX BO
BHYTpeHHoH 06nacTlf. HaXO~HTcll, 'ITO He06xo.aHMb1M H .aocTaTO'lHbIM ycnoBlIeM .ami CYI1leCT
BOBaHlIli clIHrynllpHocTlI pacrrpocTpaHlIlOI1lerOCli HarrplilKeHHlI lIBnlIeTCli <jJaKT cTyrreHb'laToro
pa3pbIBa rra.aalOl.Uero HMrrynbca Ha ero <jJpOHTe. Orrpe.aenlieTcli rro.ap06HO rroBe.aeHHe <jJpoHTa
BonH .anli HeCKonbKO rrepBblx BonH .aaBneHlIli H c.aBlIra rro HarrpaBneHHH <jJOKyca. YKa3aHO
TaKlKe, 'ITO .a06aBneHHe 0'1 .apyrlfx BonH lIBnlleTCli MeHee BalKHbiM. Bo BHellIHeH 06naCTH
Haxo.allTClI, 'ITO B 60nbllIHHCTBe COCTaBneHHbIX MaTepHanoB oTpalKeHHble BonHbI HMeeT
clfHrYJ1llpHOCTb Ha CBOHX <jJpoHTax BonH, KOTopali 3aBHCHT 0'1 yrna oTpalKeHHlI. )J;aeTClI,
TaKlKe, rro.ap06HO rroBe.aeHHe HecKonbKO rrepBbIX cHHrynllpHblX rrporry,'lueHHbIX BonH.

AHaJIlf3 OCHoBaH Ha rrpHnOlKeHHH neMMbl HIlla BaTcoHa, pa3BHHYTOH 3.aeCb, H Ha MeTo.ae
<J>pH.anaH.aepa. JleMMa OTHOCIfT aCHMrrTOTH'IeCKOe rroBe.aeHHe peweHHlI Ha <jJpOHTe BonHbl K
aCHMrrTOTH'IecKoMy rrOBe.aeHHIO ero rrpe06pa30BaHHlI <J>YPbe rro BpeMeHH, .anll 60nbllIlfX
3Ha'leHHH rrapaMeTpa rrpe06pa30BaHHlI. IlpHMeHlIeTCli MeTo.a <J>plf.anaH.aepa. C ueJIblO
rrpe.aCTaBneHHlI pellIeHHlI B TepMlIHonorlf1f <jJOPM yrnoBo pacrrpocTpaHlilOl.UHXCli BonH.
MeTo.a rrpHMeHlIeT HHTerpanbHble rrpe06pa30BaHlf1l, KaK rrD BpeMeHIf TaK H no Koop.aaHaTe
no OKpylKHOCTH e. Orrpe.aenlieTcli aCIfMnTOTIf'leCKHH IfHTerpan HHBepClf1f e .anli 60nbwllX
3Ha'leHHH rrapaMeTpa rrpe06pa30BaHHlI rro BpeMeHH, rryTeM no.axo.alIl.UHX aCHMnToTHK .anll
<jJyHKUHH Eecceanll H raHKenli H MeTo.aa cTaUHOHapHoil <jJa3bl. )J;anee rrpHMeHlIeTCli neMMa
THna BaTCOHa, c uenblO orrpe.aeneHHlI peweHHlI Ha <jJpOHTax cHHrynllpHblX BonH.

Bo06l.Ue, neMMa THrra BaTcoHa rrpHro.aHa K 3a.aa'laM, KOTopble BbI3blBalOT clfHrynlIpHble
Harpy3KH H <jJOKYCHpOBKH, B KOTOpblX lIBnlleTCli BalKHblM rrOBe.aeHlle <jJpOHTa BOnHbl. 3'10
.aaeT rrOBe.aeHHe <jJPOHTOB cHHrynlIpHbIX BonH, HO TaK IlnH IlHa'le, cHHrynlIpHaH BonHa
OKa3bIBaeTCli rrepBoil, KOTopali rrOlIBnlleTCli. 3'10 rrpHMeHeHlfe 0606I1laeT MeTO.a <J>plf.anaH.aepa
Ha BHyTpeHHbIH patioH H <jJH31f'leCKH 06blIcHlIeT, nOJIy'leHHoe npe.aCTaBneHlfe c TO'lKlf 3peHHlI
TeopHH H3JIy'leHHR.


